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Abstract. In this note, we present a geometric proof of the irreducibility of the cyclotomic
polynomial using the language of schemes.

We fix a positive integer n.

Definition 0.1. We set ζn = e2πi/n and define Φn ∈ Q[T ] by Φn =
∏

k∈(Z/nZ)×(T − ζkn).

Lemma 0.2. Φn ∈ Z[T ].

Proof. The set S = {ζk | k ∈ (Z/nZ)×} can be written as S = {a ∈ Q | an = 1, ad 6= 1 (0 < d <
n)}. Therefore for any σ ∈ Gal(Q/Q), we have σ(S) = S and hence σ(Φn) = Φn. This shows that
Φn ∈ Q[T ]. Since Φn | Tn − 1, we get Φn ∈ Z[T ] by Gauss’s lemma. □
Lemma 0.3. For any positive integer m which is coprime to n, we have Φn(T ) | Φn(T

m).

Proof. For any k ∈ (Z/nZ)×, we have Φn((ζ
k
n)

m) = Φn(ζ
km
n ) = 0. This proves the claim. □

Definition 0.4. We define a ring An by An = Z[1/n][T ]/(Φn), and we set Xn = SpecAn.

Lemma 0.5. The canonical morphism π : Xn → SpecZ[1/n] is finite étale.

Proof. It is obvious that π is finite locally free and hence flat. We have

ΩAn/Z[1/n] ' Z[1/n][T ]/(Φn,Φ
′
n),

so it suffices to show that the right hand side is zero. If we write Tn − 1 = ΦnΨn, then we get

nTn−1 = Φ′
nΨn +ΦnΨ

′
n ∈ (Φn,Φ

′
n)

and hence Tn−1 ∈ (Φn,Φ
′
n) in Z[1/n][T ]. This shows that (Φn,Φ

′
n) = Z[1/n][T ]. □

Theorem 0.6. Xn is integral. In other words, Φn is irreducible in Z[1/n][T ].

Proof. By Lemma 0.5, the scheme Xn is a noetherian normal scheme. Therefore Xn can be written
as a disjoint union of integral schemes. Each connected component of Xn is also finite étale
over SpecZ[1/n] and hence surjective over SpecZ[1/n]. Let π0(Xn) denote the set of connected
components of Xn. It suffies to show that π0(Xn) has only one element.

By Lemma 0.3, we can define a ring homomorphism

φm : An → An; T 7→ Tm

for any positive integer m which is coprime to n. Let Fm denote the induced morphism of schemes
Xn → Xn. We can define an action of (Z/nZ)× on Xn by letting [m] act by Fm. We prove that
the action of (Z/nZ)× on π0(Xn) is both trivial and transitive.

Let p be any prime number not dividing n. Then Fp ⊗ id : Xn ⊗Z[1/n] Fp → Xn ⊗Z[1/n] Fp

coincides with the absolute Frobenius morphism, so the action of [p] ∈ (Z/nZ)× on the fiber of
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(p) ∈ SpecZ[1/n] is set-theoretically trivial. Since every connected component of Xn intersects
with this fiber, the action of [p] ∈ (Z/nZ)× on π0(Xn) is trivial. Moreover, since the images
of prime numbers generate the group (Z/nZ)×, we can conclude that the action of (Z/nZ)× on
π0(Xn) is trivial.

On the other hand, the set Xn(Q) of Q-valued points can be identified with S = {ζkn | k ∈
(Z/nZ)×}. The action of [m] ∈ (Z/nZ)× on Xn(Q) is identified with ζkn 7→ ζkmn , so the action of
(Z/nZ)× on Xn(Q) is transitive. Any point of Xn lying over (0) ∈ SpecZ[1/n] is the image of
some Q-valued point, so the action of (Z/nZ)× on the fiber of (0) ∈ SpecZ[1/n] is transitive. Since
every connected component of Xn intersects with this fiber, this shows that the action of (Z/nZ)×
on π0(Xn) is transitive. □
Corollary 0.7. Φn is irreducible in Q[T ].

Proof. This follows from Theorem 0.6 and Gauss’s lemma. □


